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Abstract. Let n be an odd positive integer which can be written in two 
different ways as sums of two biquadrates. Then we show that the eUiptic 
curve = — nx has even rank> 4. If n is even number with the same 
property, then the curve has odd rank> 3. Moreover, some examples of ranks 
equal to 4, 5, 6, 7, 8 and 10, are also given. 



1. Introduction 

Let E{Q) be an Elliptic curve over Q defined by a Weierstrass equation of the 
form 

(1.1) E{Q) -.y^ ^ + ax + b a,beQ. 

In order the curve (1.1) to be an elliptic curve, it must be smooth. This in turn 
is equivalent to requiring that the cubic on the right have no multiple roots. This 
holds if and only if the discriminant of + ax + b, i.e., A = — (4a^ + 27b^) is 
non-zero. 

By Mordell's theorem, the set of rational points on i? is a finitely generated abelian 
group, i.e., 

EiQ)^EiQ)tors(BZ\ 
where E{Q)tors is a finite group called torsion group and r is a non-negative integer 
called the Mordell-Weil rank of E{Q). In this paper, we consider the family of 
elliptic curves defined by 

En ■■ ^ x^ - nx, 

where n is a non-zero positive integer written in two different ways as a sums of 
two biquadrates. 

proposition 1.1. Let D G Z be a fourth -power- free integer, and let Ed be the 
elliptic curve 

Ed : v''^ ^ x^ + Dx. 

Then we have 

' Z/4Z ifD^4, 

ED{Q)tors — \ Z/2Z X Z/2Z if — is a perfect square, 

Z/2Z otherwise. 
Proof. See( [M]. pp.311. Pro 6.1) □ 
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As n — p*+q'^ is not —4 and can not be a square, (see for example [4j , proposition 
6.5.3 page 391), the curve has torsion group T = Z/2Z. 

1.1. Previous works. Special cases of the family of the curves En and their ranks 
have been studied by many authors including Bremner and Cassels [3], Goto [6], 
Kudo and Motose [9], Maenishi ^Dj, Ono and Ono [1,1^, Spearman [15], and Hollier, 
Spearman and Yang [8]. The general cases were studied by Aguirre, Castaneda, 
and Peral [1]. 

Breamner and Cassels dealt with the case n — —p, where p = 5 (mod 8) and less 
than 1000. The rank is always 1 in accordance with the conjecture of selmer and 
MordeU. 

The main result of Goto is an explicit formula for the Selmer rank of the curve 
E^n for general n E Q. Kudo and Motose studied the curve for n — p, a. Fermat 
or Mersenne prime and found ranks of and 1. Maenishi investigated the case 
n = pq, where p, q are distinct odd primes and found a condition that the rank 
of Epq equals 4. In Ono and Ono, the authors examined the elliptic curves given 
by n = {b^ + b), where & 7^ 0, —1 is an integer. Here they show that, subject to 
the Parity Conjecture, one can construct infinitely many curves Ei,2^f, with even 
rank> 2. Spearman takes p to be an odd prime number such that p = u"^ + v'^ for 
integers u and v and found rank equal to 1. In recent paper Spearman along with 
Hollier and Yang constructed elliptic curves of E^pq with maximal rank 4, where 
p = 1 (mod 8) and q be an odd prime different from p satisfying 

(? = p2 + 24p + 400 

Aguirre, Castaande, and Peral developed an algorithm for general n, and used it 
to search for curves of high rank in this family and found 4 curves of rank 13 and 
22 of rank 12. 

Finally, Yoshida investigated the case n — —pq for distinct odd primes p and q, 
and showed that for general such p,q the rank is at most 5, but with additional 
restriction, stronger results can be proven. 

1.2. Sums of two biquadrates written in two different ways. Much less is 
known about the equation 

n = + q"* = r"^ + s*, 

first solved by Euler. The simplest parametric solution known is 

= + a%'^ - 2a%* + 3a^b^ + ab'^; 
q = a%- 3a5&2 _ 2a4^3 _^ ^2^5 _^ ^7. 

r = + a552 _ 2a'b^ - Sa^foS + afoS; 

s^a% + 30^62 _ 2a%^ + a^b^ + b^; 

(See Hardy and Wright 7 ). 

2. New Curves 

In this paper, we let rt be a positive number which can be written in two different 

ways as sums of two biquadrates, i.e., 

4,4 4,4 
n — p + q = r +s, 

where p,q,r, and s are different numbers such that gcd(p, g) = gcd(r, s) = 1. For 
this n, let £"„ be the elliptic curve 
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We have the following main results. 

Theorem 2.1. Let n he an odd positive integer written in the forms mentioned 
above, then the elliptic curve: = — nx subject to the Parity Conjecture has 
even rank > 4. If n is an even positive integer, then the curve has odd rank > 3. 

Remark 2.2. Our numerical results suggests that the odd ranks for even numbers 
should be at least 5. 

Remark 2.3. Our results conditional on the Parity Conjecture. In |2, the authors 
using the previous version of our work proved the following two results uncondi- 
tionally. 

Theorem 1. The family y'^ — x^ — nx, where n — p"^ -\- has rank at least 2 over 

Theorem 2. The family y^ — ~nx, in which n given by the Euler parametriza- 
tion as in part (1.2) has rank at least 4 over Q(a), where a is the parameter in (1.2) 
and 5=1. 

One may prove both results by a very straightforward way. For the first theorem, 
we note that, by the same reasons as in [2] not only the point Q{a, b) = {—p^,pq^) 
but also the point R{a, b) = {—q^, qp^) is on the curve. Then the specialization by 
(Pi q) = (2, 1) gives rise to the points Q=(-4, 2) and R=(-l, 4). Therefore by using the 
Sage software, we see that the associated height matrix has non-zero determinant 
1.8567 showing that the points are independent. For the second theorem, we see 
that the points Qi{a) = {-p^^pq^), Q2{a) = {-q^,qp'^), Qsia) = {-r^,rs'^), and 
(54(a) = (— s^, sr^) are on the curve and the specialized points by a = 2 are given 
as 

Qi = (-24964, 549998, 1), Q2 = (-3481, -1472876, 1), 
Qs = (-17956, 2370326, 1), Q4 = (-17689, 2388148, 1). 

By using the Sage software we find that the elliptic height matrix associated to 
{Qi, Q2, Q3, Qi} has non-zero determinant 5635.73654 showing that again the 4 
points are independent. 

Remark 2.4. We see that the map {u,v) — > (— u^,uu^) from the quadric curve: 
+ V* = n to the elliptic curve: y^ = x^ — nx takes the integral points of the first 
to the integrals of the second. Now to find the integral points of the quadric it is 
enough to find the integrals of the elliptic curves. This might suggests that to find 
n with more representations as sums of two biquadrates, the corresponding elliptic 
curves should have many independent integral points. 

The Parity Conjecture takes the following explicit form (see Ono and Ono [TT]). 
Let r be the rank of elliptic curve then 

where 

w(S„) = sgni^n)eiD) TT ( — ) 

p2||D ^ 

whit p > 3 a prime and 

r -1, D = 1,3,11,13 (mod 16), 
(2.1) eiD) = <^ 

[1, £' = 2,5,6,7,9,10,14,15 (mod 16). 

Before we give the proofs, we need the following general fact. 
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proposition 2.5. Let n = u"^ + v* = r'^ + s"^ he such that gcd{u, v) — gcd{r, s) — 1. 
If p|rt for an odd prime number p, then p = 8fc + 1. 

Proof. Without loss of generahty we can assume that n is not divisible by 4. We use 
the following result from Cox [S] . Let p be an odd prime such that gcd{p, m) — 1 
and p\x'^ + my'^ with gcd{x, y) = 1, then {—^) = 1- From one hand for n = u'^+v'^ ~ 
[u^ — + 2{uvy, we get (^) = 1 which implies that p = 8fc + 1 or p = 8fc + 3. 
On the other hand for n = u"^ + v'^ = (u"^ + v^Y ^ 2(mw)^, we get (|) — 1 which 
implies that p = 8Z + 1 or p = 8Z + 7. Putting these two results together we get 
]9 = 8/c + l. □ 

Remark 2.6. If n = p^m for an odd prime p, then p = 8fc + 1 from which we get 
(^) = 1. This last result shows that the square factor of n does not affect the root 
number of the corresponding elliptic curves on the Parity Conjecture formula. 

Remark 2.7. First of all, By the above remark, we have 

'-^{En) — sgn{—n).e{n). 

On the other hand, for n = p'^ + , We note that 

= or 1 (mod 16), 

— Q or 1 (mod 16). 

For odd n we note that 

n = 1 (mod 16). 
Now the Parity Conjecture implies that 

UJ{E„) = sgn{-n).e{n) = (-l).(-l) = 1 
For even n we have n = 2 (mod 16) and therefore uj{En) = — 1 in this case. 

3. Method of Computation 

We use Silverman and Tate [HI to compute the rank of this family. Let G denote 
the group of rational points on elliptic curve E in the form y'^ = x^ + ax"^ + bx. Let 
Q* be the multiplicative group of non-zero rational numbers and let Q* denote the 
subgroup of squares of elements of Q*. Define the group homomorphism from G 
to as follows: 

1 (mod Q*') if P ^O, 
(biP)={ b (modQ*'^) tf P=(0,0), 

X (mod Q* ) if P — {x,y) with x ^ 0. 

Similarly we take the dual curve y^ — x^ — 2ax^ + {a^ — 46)a; and call its group of 
rational points G. Now the group homomorphism ip from G to -^^j- defined as 

{1 (modQ*') if Q = 0, 

a^~4b (modQ*^) if g = (0,0), 
X (mod Q* ) if Q = {^tV) with x ^0. 

Then the rank r of the elliptic curve E satisfies 

(3.1) 2^+' = \cb{G)mG\. 
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4. Proof of Theorem 
Proof. First of all, we show that 

0(G) D 

The first two numbers 1 and —n are obvious from the definition of the map (j). For 
the numbers —1 and n we note that ii n — p'^ + q"^, then the homogenous equation 

has solution e = 1, M = p, n = . Similarly for A^^ = nAf* — we have M — 1, 
e = p, N = q^ . Next, from (1.2) we see that if —n ~ — (p^ + ?*) then 

^n = - ib" + 6b^a^ + a4)(fe« + 2b'^a^ + llb'^a^ + 2b' a"" + a^) 

(68 „ 456^2 ^ 8^4^4 _ 4^2^6 ^ ^8) (^8 _ ^4^4 ^ ^8) 

By taking bi = {b^ ^2b^'a'' + lla%^ ^2b''a^ + a^){b^ -b^a-^ + a^), M = 1, and e = 6 
we get N = a?{a^ + b^a^ + 46^a'^ — 5&^). Since n is non-square, so is either 61 or 
^ — b2- The corresponding point is ^ '''Jf , '''^f^ ^ . Since (j){G) is a subgroup of 

these imply that 

(4.1) <f>{G)D{l,~n,-l,n,b„-b,}. 
On the other hand, for the curve 

y' = + Anx 

we have 

(4.2) V(G)D{l,n,2,2n}. 

Again the numbers 1 and n are immediate consequence of the definition of the map 
Tp. For the numbers 2 and 2n we note that the homogeneous equation 

N'^ ^ 2M* + 2ne^ 

has the solution M = {p + q), e = 1, and N — 2{p' + pq + 9^), where n = p"^ + q^. 
Therefore from these observations together with (3.1) we get 

2'-+2 = |0(G)||V'(G| > 4.6 

which implies that r > 3. But from uj(En) = 1, the rank should be even. Therefore 
we see that r is even and r > 4. □ 

4.1. Remark. If n is an even number n written in two different ways as sums of 
two biquadrates, then since Lo{En) = —1 in this case, the rank is odd and r > 3. 

5. Numerical Examples 

We conclude this paper by providing many examples of ranks 4, 5, 6, 7, 8 and 
10 using sage software [l2] . 
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Table 1. Curves with rank even 



p 


9 


n 


rank 


114732 


15209 


173329443404113736737 


10 


3494 


1623 


155974778565937 


8 


43676 


11447 


.3656080821185585057 


8 




:!:S<-<!)21 


75!) ISillTlO lT18S(i5()!) 1177 




502 


271 


68899596497 


6 


292 


193 


8657437697 


6 


32187 


6484 


1075069703066384497 


4 


7604 


5181 


4063780581008977 


4 


133 


134 


635318657 


4 



Table 2. Curves with rank odd 



p 


q 


n 


rank 


989727 


161299 


960213785093149760746642 


7 


129377 


20297 


280344024498199948322 


7 


103513 


1713!! 


11!IS8I)T>S1585 12 1 18!)8 12 




119183 


49003 


207536518650314617202 


7 


3537 


661 


156700232476402 


7 


266063 


72489 


5038767537882101285602 


5 


139361 


66981 


397322481336075317362 


5 


38281 


25489 


2569595578866824162 


5 
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